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1. Introduction

Suppose k is a field, U= ®", U, is a graded vector space over k with dim U, <o
and P(U)(t) = £ 7, (dim U;)t‘ e Z[[t]]. This is the Hilbert (generating) function of U
and we shall describe [P(U)(¢)]~! when U is a graded k-algebra with Uy=k.

For a vector space V over & let TV, AV and SV denote the tensor, exterior and
symmetric algebras on V. Let DV denote SV/{{vw}, . v>. With their usual grading
one can verify

[FOVYOUL(TV)(-D]=1, (1.1
[PESVIONPAVI-D)]=1. (1.2)

The appropriate K-theoretic generalization of (1.2) appears in [1, p. 528, (8.4)].
This beautiful and mysterious result lead to the present paper.
In both cases (1.1) and (1.2) there are natural graded vector space isomorphisms

TV=TorP"k, &), AV=Tors¥(k, k), (1.3)

which suggests the following conjecture:
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Suppose U is a graded k algebra with Uy=k. Then
[PUXONP(Tor Yk, k) ()] =1. (1.4)

As it stands the conjecture is false but on the right track. A bigrading on
TorY(k, k) comes into the picture. For a suitably bigraded vector space M

J=0\i=0

M) = 3, (i (-)'dim M,,->:f. (1.5)

‘Suitably’ refers to the fact that for fixed j, M;; = {0} for large i. The main theorem
(2.10) of this paper is that (1.4) is true with ¥(TorY(k,k))(—¢) replaced by
®(TorY(k, k). The reason that (1.1) and (1.2) hold with ¥ instead of @ is that the
bigrading on Tor in those cases is concentrated on the diagonal. This is also why the
‘—t’ appears there but not with ®.

We state the (corrected) (1.4) in Theorem 2.10 and prove it at 3.12. U need not be
commutative and we work in the appropriate K-theoretic setting without presuming
any knowledge of K-theory. The needed ideas are developed in the first few
paragraphs of Section 2.

A final word about computing @. Notice in (1.5) the inner sum is an alternating
sum of dimensions. Given a finite complex of finite dimensional vector spaces, the
alternating sum of dimensions is a homology invariant. This is the key to computing
(M), Proposition 3.11. At two points in the proof of the main theorem we put a
differential on a bigraded module M and replace (M) by S(H(M)). Then we
recognize H(M). In the first case H(M)=TorY(k, k) and in the second case — for a
differentM — H(M) collapses.

2. Preliminaries and statement of the theorem

For the duration A and S are commutative rings, .# is the class of finitely
generated projective A-modules and for each M e .« there is [M]e S where [ ] has
the following properties for A, M’ M, M" € .«:

(2.1.0) [A]=1s.

.11 M}=M']+[M") if 0-M ->M—-M"—0 is an exact sequence of
A-modules.

(2.1.iil) [M}IM’')=[MROM’).

It is easy to verify that for {0}, M, M'e «#:

(2.2.iv) [{0}]1 =05 where {0} is the zero module.

2.2.v) [M]=(M']if M=M’ as A-modules.

2.2.vi)  ME@M'|=[MI@[M’].

The universal such S for a given A is Ky(A). This defines Ky(A).

The classical example of such A4, S, .# and [ ] is where A is a field, .# is *finite
dimensional vector spaces over 4’, S=Z and [M]=dim4 M.

We use |Z| to denote the set {0,1,2,...}.
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2.3. Definition. We let .#'%Z denote the class of | Z|-graded projective A-modules of
the form U=@®),, 2 U; where for each i, U;e.#. For such U the grading is part of
the structure of U and we can define

S"(U)=z:0[(/k]t"e$[[t]]. (2.4)

If Up=A as A-modules then Y(U)=1+ Y7, s;t, an invertible power series in
S[[¢]]. The purpose of this paper is to find a V arising naturally from U where
Y(V)=Y(U)~!. For this purpose we shall have to extend the definition of ¥ to
bigraded modules. Notice that if U, Ve.#'?' and if U®V has the usual graded
tensor product structure then U® Ve.#Z' and P(UR V)= W(U)¥(V). This is an
easy consequence of (i)—(vi).

2.5. Definition. A row finite |Z|-bigraded A-module is an A-module of the form
C=®,y.iscz Ci where for fixed k: Cy={0} for large i. 471 denotes the class of
row finite |Z|-bigraded A-modules C where C;,€.# for each [ and k.

For Ce.«2" define
#0)= £ ( £ (-yica Jevesitn. 2.6)

The inner sum is finite since for fixed k: Cy is zero for large i.
For |Z|-bigraded A-modules C and D let

(CR®D)pm= @2 Cu®Dj (2.7)
k+i=m
and
COD= @ (COD)un (2.8)

This defines the |Z]|-bigraded A-module structure on C®D. It is2 easy to check that
C®D is row finite if both C and D are. Also, that C® De .#'ZVif C,De.# T’

2.9. Lemma. Suppose Ue.¢'Z and C,De.«'2V",
(a) If U’ is the |Z|-bigraded A-module defined by

, Uy Jfori=0,
Ui={

{0} otherwise
then U'e 4'2" and &(U") = P(U).
(b) S(C)B(D)=P(CRD).

Proof. (a) This is easy and left to you. (b) Calculate

¢(C)¢>(D>=<i ¥ (—)"t@dt")(i ) (—)f[D,-m'>

k=0i=0 /=0 j=0
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The element of .«/2’ to which we must apply @ is a certain Tor. Usually Tor is
only singly graded. The bigrading on Tor comes from the bar resolution used to
calculate Tor for a graded algebra. This may be taken as an ad hoc definition of the
bigrading on Tor but the bigrading is natural in the category of graded modules for
graded algebras. Here are a few words to that point.

If Uisa|Z|-graded A-algebra (i.e. an A-algebra and |Z|-graded A-module where
U,U;C Ui, ), then a left |Z|-graded U-module M is simultaneously a left U-module
and |Z|-graded A-module where UM;e M, ;. X is the category of left |Z|-graded
U-modules where the morphisms are degree preserving graded U-module maps.
Considering U with its degrees shifted shows that K has enough projectives to form
projective resolutions. If L is a |Z|-graded right U-module then with the usual
grading on tensor product L&, M is a |Z{-graded A-module. Hence L&, ~ is an
additive functor from ¥ to the category of |Z|-graded A-modules and we may take
its derived functors. Since a projective resolution of M in ¥ is also a projective
resolution of M as a U-module with the grading ignored the derived functors of
L®,— applied to M C ¥ coincide with ordinary Tor(L,M). Again considering a
projective resolution of M in X, TorY(L, M), the nth derived functor of L&, — will
be a |Z|-graded A-module. Thus for n,me |Z| we have TorY(L, M),, and this gives
the |Z|-bigrading on TorY(L, M). This |Z|-bigrading on Tor¥(L, M) arises in com-
puting TorY(L, M) from the bar resolution since this is a resolution of M in ..
Henceforth we shall work with the |Z|-bigrading on TorY(L, M) as it arises from the
bar resolution.

The main result in this paper is:

2.10. Theorem. Suppose U is a |Z|-graded A-algebra where Uy=A and Ue .«'%.
Let A have the trivial graded left and right U-module structures where A=A, and
UA=0=AU; for 0<ieZ. If TorY(A,A) is a projective A-module then
TorY%A, A) e .42 and 1 = P(U)B(TorY(A, A)) in S[[¢]).

The next section will be devoted to the proof of this theorem. First some
consequences.

The theorem shows that @(TorY(4, 4)) only depends on the 4-module structure
of U since inverses are unique. Written down carefully this becomes:

2.11. Corollary. Suppose U and V are |Z|-graded A-algebras where Uy=A =V,
and U,Ve.«'%l. Let A have the trivial graded left and right U and V-module
structures as in the theorem. Then ®(TorY(A, A))=®(Tor¥(A4, A)) if U=V as



Inverse of the Hilbert function of a graded algebra 53
graded A-modules and both TorY(A, A) and Tor"(A, A) are projective A-modules.

As the corollary shows the algebra structure on U does not affect #(TorY(4, A)).
Can we get away with no algebra structure on U? Suppose Ue .#'% where Uy=A as
an A-module. Then there is a (unique) A-algebra structure on U where Uy=A4 and
U,U;={0} for i, jeN={1,2,3,...}. With this trivial A-algebra structure on U we
can form TorYA4, A). As a corollary (3.24) to our proof of Theorem 2.10 we shall
see that for this algebra structure on U, TorYA, A) is a projective A-module. Hence
Theorem 2.10 applies and @(TorY(4, A)) gives the inverse to ¥(U). In Corollary
3.24 we explicitly give TorY4, A) and @(TorY(A4, A)).

3. Proof of the theorem

At first we collect results needed for the proof of the main theorem, then prove it.
The next definition will make it easy to work with finite complexes without tacking
on initial or final zeros and will avoid keeping track of degrees.

3.1. Definition. Suppose

is a sequence of A-modules and module maps. If X is one of the modules we say that
the sequence is a complex at X and define H(X) as follows:
(a) If the sequence is only the module X then it is a complex at X and H(X)=X.
(b) If X is a left end, i.e. the sequence begins

X—£—> Y (and possibly continues from Y),

then it is a complex at X and H(X)=Ker ¢, a submodule.
(c) If X is a right end, i.e. the sequence ends

3
(possibly leading up to W and ending) W — X,

then it is a complex at X and AH(X)= Coker 4, a quotient module.
(d) If X is internal, i.e. the sequence contains

a3 £ . ..
(possibly leading up) W — X —— Y (possibly continuing),

then it is a complex at X if €¢d=0; i.e. Kere>Im d and A(X)=Im d/Ker ¢, a sub-
quotient module.

The sequence is a complex if it is a complex at each of its modules. In this case the
module H(X) is defined for each module X in the sequence.
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3.2. Lemma. Suppose that

)
M’_’N,’_’""‘—'“’N()

is @ complex where M and {N,}{ and {H(N)}, are projective A-modules. Then:
(a) Im & and Ker 6 = H(M) are projective A-modules.
(b) If in addition M and {N;} are finitely generated A-modules then Im g,
Ker 6 = H(M) and {H(N))} are finitely generated A-modules.
With Sand []asin (2.1),

(=M + _;) (=) IN]= (=) HM) + 1};0 (=) THWN)] (3.3)

Proof. We proceed by induction on . The case t= -1 is not excluded. Here the
complex is simply M an%the assertions are trivially true.
For t=0 we have M —— N, giving the exact sequences

0—Im § — Ny— Coker6—0

‘ ‘ 3.4)
H(Ny)
HM)
3.5)
0— Kerd—M—Imo—0

Projectivity of H(Ny) implies that (3.4) is split. Hence N, being projective implies
that Im J is projective. N, being finitely generated implies finite generation of
Coker 6 = H(Ny) just as M being finitely generated implies finite generation of Im 4.
Projectivity of Im ¢ implies that (3.5) is split. Hence M being projective implies
that A (M) is projective and M being finitely generated implies that A (M) is finitely
generated.
By (2.1.ii), (3.4) and (3.5) give

[Nol = [H(No)} + (Im 8],  [M]=[H(M)]+[ImJ]. (3.6)

Subtracting gives (3.3) for t=0.
Now suppose we have the complex

] €
M—-—-—»Nl——-»...-—-»NO

for t=1 and the results have been proved for smaller f. Consider the complex

€
M’—-—-»N;_I———b...——»Né

(.

Nt Nl—l NO

3.7
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Then H(N/)y=H(N,) for i=0,...,t—1 and so is projective by hypothesis. Also M’
and {N/ }f;& are projective and by the induction Im ¢ and Ker ¢ = H(M"’) are projec-
tive. Also if {N;}{ are finitely generated then so are Im ¢, Kere= H(M"'), {H(N/) =
H(N)}iZo and

-1 -1 .
(=)IMT+ T (=)INT= (=) THM) + T (=) HN)]

u Il

M\

=1
(=)'[N]] (—)'[Kere] + EO (=YIH(N))

i=0

it

Consider M——‘S»Ker g, since ImdCKere. By what we have shown for ¢=0
it follows that ImdJ and Ker d=H(M) are projective. This uses the fact that
H(Kere)=Kere/Imd=H(N,) is assumed to be projective. If M and Kere are
finitely generated then by the case t=0: Im d, Ker d = H(M) and H(Ker €)= H(N,)
are finitely generated and

[Ker e} — M =[H(Ker &)} — [H(M)]

|

[H(N))]
Hence

[M]=[H(M)] - [H(N)] + [Ker g].

Adding this to or subtracting this from (3.8) gives (3.3) and completes the
induction. [

3.9. Corollary. Under the hypothesis of (3.2) for i=0,...,t—1 the maps N;, | =N,
have projective image and kernel which are finitely generated if {N;}{ are finitely
generated.

Proof. Apply the lemma to the complex N, ;= N;~---~N,. O

3.10. Definition. Suppose Ce.#Z* (Definition 2.5). A sleeve job on C is an
A-module map d: C— C of degree (—1,0) where d?=0 and the resulting homology
is a projective A-module. Note, C= @i_kegm Ci and saying that 4 is of degree (-1, 0)
means that

={0}  fori=0,

d(C;
( k) {CC,‘-L/‘_— fOI'iEiZ‘.
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The picture to keep in mind is that of Diagram 1.

fourth sleeve < > Cm*—C14*—C24*—C34‘—C44“"'

Coy=Ci3-Cy3=Cp3=Cy3+ -+

third sleeve

second sleeve <

Copp=Ca=Cn=Cp=Cp-+

Coi = C = CueCyeCyy=+

first sleeve

zeroth sleeve Coo'—Clo"'Czo"'Cso"‘C-iO"_

N N N N

Diagram |

Since the homology with respect to d is assumed to be a projective A-module the
individual summands H{(Cy) are projective A-modules. The Cy are finitely
generated projective A-modules; hence, by Lemma 3.2 each H(Cy)e.#. Thus if
H(C) denotes the |Z|-bigraded A-module @), ,. ; H(Cy) then H(C)e .42,

3.11. Proposition. Suppose Ce.#'1" and d is a sleeve job on C. Then

S(CYy=B(H(C)).

Proof. This is immediate from (3.3) and the definition of @ in (2.6). O

3.12. Proof of 2.10. Let C be the |Z|-bigraded module with U as its zeroth column
and zero elsewhere. That is

Uk for i=0,
C,‘k= i (313)

{0} otherwise.

By Lemma 2.9(a), Ce.#'2 and &(C)=¥(U). Hence it suffices to prove that
1= ®(C)P(TorY(4, 4)) in S{[¢]].
Define D as the |Z|-bigraded module where

Dy= @ 1U0®Ujl®“'®Uj,,®Uo (3.14)
i tia=
JNewerdn€N

where N denotes the set {1,2,3,...}.
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The lower left corner of D is given in Diagram 2.

UQUiRU;RU, Upy®U,QU,QU,Q U,

® ®
Row 4 {0} U Us® Uy UpQUr,QU,QU, U@ U QU U R U
@ ®

U®U;@U iR, U®U, QU QU U

Uo® U, 00U,

Row 3 {0} Uoe® Us® U @ U@ Ui Ui UIR U,
U U,@ U ® U,

Rw2 {0} U®URU, URUSUSU, {0}

Row 1 {0} U@ U, ® Uy {0} {0}

Rowvo U®Us {0} tp o

© Cowumn0  Comnt  Comm2  Comn3
Diagram 2

IfU=U®U,HU;@-- and K, denotes the direct sum of the terms in the nth
column for ne|Z|, then

K,=UpQU " ®--QU QU (3.15)
——
n-times

as a graded A-module, where K, is graded by row and Uy® &" U~ ® U, has the
usual grading on a tensor product.

Identify U* with U/U, via the composite U* & U —U/U,. Consider the bar
resolution of Uy as a left U-module described in {2, pp. 280-283). The n-th term is
B,(U, Uy) in the notation of [2] and under the identification of U/Uyand U™

B, (U U))=URQU*® - QU*® U,. (3.16)

n-times

The boundary map [2, p. 281, (2.5)] is determined by
B.(U, Uy UQU IR Qu.Rf

| ] | (3.17)
B,_1(U,Uy) i; (= )Yuo® - @Ui_ @ (U 1 u) QUi | D QuyR B

for upe U, uy,...,up,e U", f€ A =U,. In the sum at (3.17) the expected final term
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U@ - U, 1R (u,A) is ostensibly missing. This is because the ‘u,A’ is the module
action of u, on A€ A and not product in U of u, by A. Since u,e U* the module
action ‘u,A’ is zero. Since U is a projective A-module the bar resolution gives a pro-
jective resolution of Uy=A. The explicit description of the boundary map at (3.17)
shows that the bar resolution gives a projective resolution of Up in the category of
graded left U-modules if B,(U, Up) has the usual grading on tensor products. Now
consider Uy as a graded right {/-module and apply the functor Uy&, — to the bar
resolution to compute TorY(Up, Up) =TorY(4, 4) in the category of graded
U-modules. The nth term of the complex is Uy®,, Bp(U, Uy) which by (3.16) and
(3.15) is K. From (3.17) the boundary map on the K,’s is determined by

K, a@u - Qu, X8
[ 1 (3.18)

Kot 5 (5)a®u® @i a® - 1) Qs @+ ® Un DB

fora, BeA=Uy, u,...,u,€ U". In (3.18) the expected first term (au )R U2 & - @
u,® B is ostensibly missing for the reason given below (3.17). And for this same
reason the map at (3.18) stands for the zero map when n=1.

This boundary map between the K,’s carries D, to D,_,, hence gives a sleeve
job on D. Since the homology of the complex {K,}g is Tor¥(4, 4), we see by
Theorem 3.11 that

D(D) = H(TorY(A, A)). (3.19)
Next consider C® D with the bigrading described in (2.7). Then
(CRD)u= @ L Un®-®U;,@Us (3.20)
" /‘06127—
v Jn€N

For C®D the nth column — @, (C® D), ~ is
UQU*®-@U*®U, (3.21)
g__q(.__—/
n-umes

which we recognize as B,(U, Up). The boundary map of the bar resolution ~ given
explicitly at (3.17) — gives a sleeve job on C®D. Hence by Theorem 3.11

P(H(CRD))=P(CRD). (3.22)

The homology of this complex C® D is the homology of the bar resolution of U,

a graded projective resolution. Hence H((C® D),,,n) = Up for n=0=m and is zero

otherwise. From the definition of @ at (2.6) and the fact that Up=A4 and [A] =1 we
get

DPHCD)) =1. (3.23)
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Putting together (3.23), (3.22), Lemma 2.9(b), (3.19) and Lemma 2.9(a), in the
order indicated, gives

1 = ¢(H(CR D))= d(CR D)= d(C)P(D)
= @(C)P(Tor¥(A, A)) = w(U)D(Tort (4, 4)). O

3.24. Corollary to 3.12. Suppose Ue.«'Zl is an A-algebra where Uy=A and
U*U*={0}. Then Tor%(A, A) as a |Z|-bigraded module is given by
Tory(4,4)= @ U;®QU,.

j|4”..‘j"=

Jieeesin€™N

Hence TorY(A, A) is a projective A-module and &(Tor%(4, A)) =w(U)~" in S[[¢]].
Explicitly &(Tor“(A, A)) is given by

B(Tor“(A, A))= fo i()} L ARUATY
20 n=0 ji+-+js=

=1-[U )t = (U] = (U3 = (WU;] = 2{U U] + (U P)e

—([Us] = QIUIU;I+ (U] +3[U U] ~ (U] e = oo

Proof." As mentioned between (3.17) and (3.10) the complex D=@&),. - K,
computes Tor“(4, 4) and the boundary map is given at (3.18). By the assumption

that U~ U™ = {0}, the boundary map at (3.18) is the zero map. Hence the homology
is the complex, i.e.

Tor“(A, A) = H(D)=D,

proving the first assertion, since the Uy’s in D, (3.14), can be omitted. The formula
for ®(Tor“(A, A)) is the direct result of the definition of @ in (2.6). [
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